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Abstract. This paper is devoted to the presentation of combinatorial bialgebras whose coproduct is defined with the 
help of a commutative semigroup. We consider this setting in order to give a general framework which admits as 
special cases the shuffle and stuffie algebras. We also consider the problem of constructing pairs of bases in duality 
and present Schiitzenberger's factorisations as an application. 

Resume. Cet article est consacre a la presentation de bigebres combinatoires dont le coproduit est defini a l'aide d'un 
semi-groupe commutatif. Nous considerons ces structures dans le but de donner un cadre general dont les algebres 
de melange et de quasi-melange sont des cas particuliers. Nous abordons le probleme de la construction de paires de 
bases en dualite dans ces algebres; les factorisations de Schiitzenberger en sont une application. 
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1 Introduction 



Recently, stuffle-type products appeared in Combinatorial Physics (Novelli et al. (2004)). In this paper, 
we discuss a common generalization of the shuffle and sniffle products. Given an alphabet X, the shuffle 
product, denoted by LU, is defined as a law on the algebra k(X) of noncommutative polynomials, bilinear 
and computed on the words by: 



1 LU w = W LU 1 



(au) lu (bv) = a(u lu (bv)J + b(^(au) lu v 



(1) 



for all u, v, w £ X* and a,b,E X 
The shuffle product appears i n several c ontex ts (Lie projectors ( [Reutenaueij (|1993t)), You ng tableaux and 
Littlewood-Richardson rule ( Lothaire ( 2002 )), noncommutative symmetric functions ( puchamp et al 



( 1997| )) to cite only a few). On e of these contexts i s the re alm of iterated integrals as shown by Chen's 
lemma (Jvlinh and Petitotj ([2000|); [Luque and Thibon| (J2002|)), 



The applications of these products to number theory are well-established. The iterated integrations of 
the differential forms A- and ± give birth to a family of functions known as polylogarithms. The 



1 

convergent polylogarithms are obtained when the first integral is done w.r.t. 
of these functions is interesting because its coefficients are series of the form 



dz 



1 



The Taylor expansion 



E 



z 



k r 

. . n r 



(2) 



n 1 >n 2 >...>n r >0 "1 ,l 2 
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whose multiplicative structure is given by a perturbation of the shuffle product^ called stuffle product 
(denoted below by l±j ). The definition of this product requires an alphabet 



for all yi, yj G Y and for all u, v G Y*, 



Y = {Vn} n>1 



ml±j1 = 1l±jm = m; 



UiU i±j yjV = yi (u i±j Ujv \ + yj (yiU i±)uj + y i+j ^ttifj. 



(3) 



The stuffle product together wit h the deconcaten ation coproduct endows k(Y) with the structure of a 
graded (commutative) bialgebra ( Hoffman ( 2000 )). This product defines a law of algebra (coassociative 
with counit) whose value on the letters is obtained as a pertubation of the value of the coproduct dual to 
the shuffle product: 

A l±j (y r ) = y r <g> 1 + 1 ® y r + ^ y p ® y q . (4) 



E 

p+q=r~ 
p,q>l 



The perturbation term (the sum over p, q) of this coproduct is very similar to that which appears in 
some coproducts used in combinatorial physics (Duchamp et al. ( 2010[ )). In this context, the sum is 
over all decompositions of an element of a semigroup: if S is a semigroup with the finite decomposition 
property (see 3.1 ), 

' k[S] ->• k[S}(g>k[S} 



rt—s 



y r ®yt- 



(5) 



In this paper, we consider this idea in the general framework of a commutative semigroup (with possibly 
a zero). The commutativity allows us to prove and apply in this general framework Radford's theorem 
which is useful when one considers the questions of duality be tween diff erent bases. Note that the results 
presented here are a generalization of t he res ults to appear in ( Bui et al. ); some applications of this study 
are to be found in (Hoang Ngoc Minh (2012)). 

The paper is organized as follows. The next section presents some tools which we then use extensively. 
Section || gives the general framework. In section |[ we consider the special case of the shuffle algebra in 
order to illustrate the problem of dual bases. Finally, we present an interesting combinatorial application 
in section |[ 

Throughout the paper, k denotes a field of characteristic 0. 

2 Tools 

2. 1 Multiindex notation 

Let I be a set totally ordered by <. If F = (fi)iei is a (totally ordered) family in an algebra^ A and if 
a is a multiindex, one defines F a by 



(6) 



(l ' For a discussion about the nuance between deformation and perturbation of the shuffle product, see Duchamp et al ( 20 1 o| ) . 
™ Associative algebra with unit (AAU). 
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where J is any subset {ii, ia, ■ • ■ , ik] , H > ii > ■ • • > ifc, of I which contains the support of a (it is 
easily shown that the value of F a does not depend on the choice of J D supp(a)). 
In particular, if (ej)jg/ denotes the canonical basis (given by ej(j') = <5y) of N^, one has i* 16 * = /,;. 
Morevoer, we set 

(a + 0)i + Pi and a! = [J a,!, Va, j8 G (7) 

i(zsupp(a) 

Finally, we say that a family (T a ) aeN(I) of elements of A is multiplicative (for the product x of .4) if, 

VaeNl'l^xT^T^. 

2.2 Poincare-Birkhoff-Witt Theorem 

Let g be a fc-Lie algebra and B = an ordered basis of g. The Poincare-Birkhoff-Witt (henceforth 

denoted by PBW) theorem allows one to construct a basis of the enveloping algebra U(g). 

Theorem 2.1 The elements B a , for a € form a basis ofU{o). 

The basis obtained by this construction is called a PBW basis of U(q). This theorem plays a key role in 
the case of the free algebra as shown below. 

3 Semigroups and Bialgebras 

3. 1 Coproduct and counit 

Let (S, •) be a commutative semigroup. Define an alphabet Y as follows: 

F= /{2/4 se s\M in case a; is a zero of 5 1 ; 
1 {^} se s otherwise. 

As usual, we denote by Y* the free monoid over Y whose identity element is ly * -The non commutative 
polynomials k(Y) over Y form an algebra for the concatenation product; k((Y)) is the set of non commu- 
tative series over Y and k(Y <E> Y) and k{(Y ® denote respectively the set of double polynomials 
and series. 

Define an application Ag : k(Y) — > k((Y (g> Y)) as a morphism of algebras given on the letters by 

As(y s ) = y s ® ly* + ly ® y s + ^2 y Sl ® y S2 - (9) 

Sl -S2 — S 

We say that S has the finite decomposition property if, Vs S S'\ {w}, 

| {(fil, Sl), Sl • s 2 = s} | < 00. (D) 

If this is the casep^, the image of As is an element of k(Y ® Y) ~ k(Y) (gi In fact, As defines a 

coassociative coproduct on /c(y). 



(in) Partially commutative alphabet: see (Duchamp and Krob ( 199f )). 
( 1V ' It is, in particular, the case of: 

• the semigroup 5" = X* U {to} in which all products equal ui: one gets the coproduct associated with the shuffle product; 

• (N+, +) (here in its multiplicative notation) (stuffle algebra); 

• more generally, (N^ x ' , +) for arbitrary X (finite or infinite). 
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To complete the bialgebra structure on k(Y), we define the morphism ey whose action on the words is 

f 1 if w = ly* ; 

e Y M = < (10) 
otherwise. 



Lemma 3.1 The map ey is a counit as: 

fl o (eyly* ® Id) o As = fio (Id ® eyly») o As = Id. 



(11) 



Therefore, B = (k(Y), cone, ly» , As, ey) is a bialgebra. It is graded if S is graded. 

Assume that S be N-graded, i.e. that there exists a function £$ '■ S — > N such that S m • S'n C S m + n , 
Vm, n G N* (with 5„ = {s e S, £s(s) = n}); assume also that ^(O) = 0. Then B is graded. Indeed, 
one can define | • | : B — > N by 



\y s \=£s(s); \y Sl 



■Vs k 



k 



(12) 



and check that the product and coproduct are compatible with the homogeneous components defined by 

B p = span (y Sl ...y Sk , \y Sl ...y Sk \=p), peN. 

3.2 Bases 

The letters y s need not be primitive (for example, they are not primitive for the law dual of the stuffie prod- 
uct; see (||)). In order to initialize the construction to primitive elements, one has to consider projections 
of the letters on the set 'Pnm(B) of primitive elements of £>; this is done with the following projector. 
From now on we assume that S is graded with finite fibers which means that S — I) S n with 

nGN 



I Sk| < oo, 



Vfc g N. 



We denote by B+ the kernel of ey . One has B = B+ © fcly. . Let 1+ denote the projector on B+ along 
k. If S is locally finite^] , I + is (locally) nilpotent. Therefore, it is possible to define 7Ti by: 



7Ti = 



E 

k>i 



(-i) fc 



fc-i 



-/; fc = i og>t (id e ) 



(13) 



where * denotes the convolution pro d uct of £nd(B ). This operator is a projector on "Prim(S) ( |C artier 
( |2007| ); |Patras and Reutenauerj ( |l998| ); |Patras| ( |l993| )). 



w A locally finite semigroup 5 is such that Vs 6 S\ {w}, 

-Dfc(s) < oo where -Dfc(s) = {si, . . . £ S 1 such that si • . . . • Sfc = s} . 
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Example 3.1 As an example, we consider the bialgebra obtained with the previous setting for S — 
(N + , +) (we recall that it is the stuffle algebra (k(Y), cone, lx* ,Auj,c) whose coproduct is given by^ 
and compute 7Ti (j/j ) in this case. 

Define, for b G B+, A+(&) = A(6) — 6(gDl — One can easily check that 

((4®I+)oA)(i) = ((/+® J+)oAo/ + )(6) = (A+o /+)(&) (14) 

This implies that A + is a coassociative coproduct on 23+ (since A is coassociative). Hence, on £3+ and 
for all k > 2, 

A (fe-l) =/ ®fe oA (fc-l). (15) 
This relation allows us to compute the convolution powers of 

ifiVj) = M (fc - 1} o (If ) o A^- 1 )^,) = ^ o A^Hvj) (16) 

and to prove that 

/_ 1 \n-l 

= E n E Wii •■■!/*»■ (17) 

n>0 ii + --+'n=J 

< 1 ,...,i„>0 

We assume that it is possible to define a total order < on the letters y s : 

y Sl < ■■■ <y Sk < ... 

If this is the case, it is possible to define Lyndon words (whose set will be denoted by £yn(F)) and the 
standard factorisation o(w) of each word w (<j(w) is a pair of Lyndon words l\ and £2 such that w = l\t-z 
and £2 is of maximal length among all the factorisations of w). 
We construct a basis of k{Y) as follows^]: 



P s (w) 



tiG/s) ifw = y s ; 

[Ps(h),Ps(M Xwe £yn(r) andaH = (£ u l 2 ); 



(18) 



Ps(4) Ql ...Ps(4)" fc if 



(we recall that [P u P 2 ] = PiP 2 - P%Pi, VP X , P 2 € 

The elements Ps{£), £ G £yn(Y), form a basis of Prim(£>). First, note that if P, Q S Prim(Z3), 
[P, Q] G Prim(Z3). Since 7r 1 (y s ) G Prim(£>) for all s G 5\ {a;}, the inductive construction implies that 
P s (^) G Prim(B), W G £yn(Y). 

Moreover, the definition of P5 (I) implies that it is homogeneous and that 

P s {£)=t + Y l ( p sl!)\u)»\ 

u>£ 

hence the number of linearly independant P$ (£) for a given weight equals the dimension of the corre- 
sponding homogeneous component and then (Ps(^))^ g c yn (Y) * s a ^ as i s °f Prim(fc(Y)). 

' v1 ' Note that this basis is indeed the Lyndon basis of the "new" letters y' s = ni(y B ). 
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The Poincare-Birkhoff-Witt theorem 2.1 ensures that the family {Ps{w))weY* form a basis of k(Y). 
In fact, the factorisation of words into Lyndon words implies that the elements of the previous family 
are also indexed by the multiindices which define their factorisation: 

£>!..>/ f i — >a = (Xiet 1 -\ \-a k ee k . (19) 

Hence, we can denote the elements of the previous family by Ps(a), a G 

N (£yn(Y))^ We adopt tWs 

notation below. 

Let (Ts(a)) aeN(Syn( Y)) denote the family dual to (-Ps(/3)) / g eN (£ y n(y)). It is defined by 

(T s (a)\P s (P))=6 a p. 

A priori, Ts(a) is a series. But since B is graded in finite dimensions, it is in fact a polynomial. 
The elements Tg(a) have the following interesting property: 

T s (a)*T s (p)= ( ^±^T s (a + P). (20) 

It implies that the family {T${et ))£ € £ yn (y) is a transcendence basis of (k(Y), *). This means that the 
map 

(fc[£yn(F)],-) -> (fe(Y),*) „ n 

€ ^ T s (e,) Ui) 

is an isomorphism of algebras. 

3. 3 Statement of the problem 

The fact presented above lead to the following statement: the dual basis of a PBW basis of (k{Y), cone) 
is a transcendence basis of (k(Y), *). 

An example of transcendence basis is given by the set of Lyndon words £yn(F) (which is not necessarily 
the basis obtained from the dualization presented above, as shown by the example of the free algebra; see 



\. \ ). This explains why we are interested in the inverse problem: what happens when one starts with a 
transcendence basis of (k(Y), *) and considers its dual family? In particular, does the dual basis satisfy 
the same kind of "Poincare-Birkhoff-Witt relation" (pit) as the basis (Ps (oz)) a£N (& y „(Y» ? 



4 Study of the duality from Radford to PBW (shuffle algebra) 



In this section, we are interested in the special case of the shuffle algebra (see (jlj)) which fits into the pre- 
vious setting with a semigroup S = X* U {w} in which all products equal lj. We start with a presentation 
of several classical results. Then we illustrate the role of Lyndon words as a transcendence basis. Here, 
X = {xi > ■ ■ ■ > x n > . . . } is an alphabet and £yn(X) denotes the set of Lyndon words over X. 

4. 1 Bases (P w ) w and (S w ) w 

A basis of the free Lie algebra is given by the standard bracketings of Lyndon words: for £ £ £yn(X), 

P = / i if I'l = 1; (ITS 

n \ [P ei ,Pi 2 } if G £yn(X) and (^,4) =*(£) K ' 
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(we recall that a(w) denotes the standard factorisation of w). 

]fw = ill ■ ■ ■ £ in with h> ■■■ > in belongs to X*, let P w = P£ 
Witt theorem implies that the family (P w ) w£X , is a basis of the free algebra k(X). 

Let (S w ) w be the family of linear forms in (k(X))* ~ k((X)) dual to (P w ) w . It is defined by the 
relation 

(S W \P U ) = S wu , Vu e X*. 
It is possible to prove that S w is in fact a polynomial given by 



.Pf". The Poincare-Birkhoff- 



(23) 



S r, 



w 
xS u 

j-.-Lusr^ 



ai\ . . . a k 

Note that the same construction remains possible in the partially commutative case ( puchamp and Krob 
$99% ) when one considers an alphabet X with commutations 9 C X x X. 

The correspondance (|l9|) implies that we can denote P w and S w by the multiindex corresponding to the 
Lyndon factorisation of w. With this notation, one has 



if \w\ = 1; 

if w — xu and w G £yn(X); 

if w = ^...Q with^i >•••> t k . 



(24) 



(25) 



Therefore, this family is multiplicative up to a constant. 

4.2 Lyndon words as a transcendence basis and their dual basis 

In this section, we take the problem the other way round: we start with a transcendence basis and consider 
the d ual bas is. The results of this section have been partially presented, without proof, in (Deneufchatel 
et al. ( |2012| )). 

4.2. 1 Construction 



A theorem of Radford ( Radford ( 1979 )) ensures that the Lyndon words £yn(X) form a transcendence 
basis for the algebra (k(X), lu). This means that the products £yn(X) mQ for a £ are a linear basis 

Of (fc(X),LU). 

This explains why we consider the family: 



S,„ < S f 



LU cei 



LU • • • LU S, 



a\\... at 

which is precisely (£yn(X) ma ) QgN(Cyn(x)) . 

The theorem 6.1 in ( feeutenauei] ( 1 993 )) states that S w is lower triangular: 

S w = w + a ^ u 



if 



if w = i" 1 



a k 



I £ £yn(X); 

h > ■ ■ ■ > 4 

,4 e£yn(X) 



(26) 



(27) 



(the coefficients a u being integers). 

Thus, as this construction is finely homogeneous, it is possible to construct by duality another family 
of elements of k(X) which will be denoted by B w , We give below several properties of these elements. 
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4.2.2 Characterisations of B' t 

The following theorems characterise the elements 

B' t , £e£yn(X). 



Theorem 4.1 Let P belong to k(X) and £ G £yn(X). Then 

P = £ + ^2(P\u)u; 



P = B e 



e<u 

P is primitive; 
[ W x g £yn(X), (P\h) = 5 Ul 



(28) 



Theorem 4.2 Let P belong to k(X) and £ £ £yn(X). Then 

{P is primitive; 
|supp(P)n£yn(X)| = 1; (29) 
{P\£) = 1. 

n 

If w G X* is a word whose Lyndon factorisation is w = £^ . . . £%™, l\ > ■ ■ ■ > £ n , N w — ^ on. 

i=l 

Lemma 4.1 77ze following properties which characterize the elements B' w are equivalent: 

i) \fw G X* such that N w > 2 (i.e. such that w is a product of at least two Lyndon words), 
supp(B' W ) n£yn(X) = 0; 

a) (b' w ) - (b' w ) 

/ W t 

Hi) (B \S U ) = Swufor all w,u G X*. 

4. 2. 3 Recursive construction 

A method similar to Gram-Schmidt algorithm allows us to construct recursively the elements B e for 
£ G £yn(X) from the P^ for words £' of the same multidegree as £. In fact, this method gives a way to 
construct a family in duality with a given linearly independant family. Here, the construction eliminates 
recursively the Lyndon words that are in the support of Pi except for I without adding any other Lyndon 
word and without changing the coefficient of £. 

Let a G N^ x ) be a multiindice and L a — {l\ < ■ ■ ■ < £ m } the set of Lyndon words whose multidegree 
is a. 
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Lemma 4.2 The elements B e for £ 6 C a are given by: 



B e m = Pi, 



(30) 



4.2.4 Multiplicativity property 

In this section, we give a counter-example which proves that the basis dual to a transcendence basis is not 
necessarily a Poincare-Birkhoff-Witt basis. 

Let X = {a, b} be a two-letter alphabet with a < b; B still denotes the basis dual to the basis obtained 
from the Lyndon words (defined by |2oj ). 

It is not difficult to show that 

B a 2 b 2 = a 2 b 2 - 2abab + 2baba - b 2 a 2 . (31) 
Since the Lyndon factorisation of the word (a 2 b 2 ) 2 is (a 2 b 2 , a 2 b 2 ), one has 

,(a 2 b 2 ) 2 / , \2 

B =[B aH2 ) . (32) 



Hence, (a 2 b 2 abab\B ) = —2. Since a 2 b 2 abab is a Lyndon word, the multiplicativity criterion (5.1) 



implies that the basis ( B w is not multiplicative. Moreover since this counter-example is obtained 

with a square word, it implies that it remains a counter-example for any order on X. 

5 Combinatorial applications: Schutzenberger's factorisations 

5. 1 General framework 

Let us present the general framework of Schutzenberger's factorisations. Consider a Lie algebra g and 
B = (bi)i£i an ordere d basis of g. Moreover, let (B a ) nPN (i) denote the Poincare-Birkhoff-Witt basis 
obtained with B. Then ( Melangon and Reutenauer ( 1989| )): 



Theorem 5.1 // (S a ) aeN (i) is the basis dual to (B a ) a( z N (i), one has 



S a ®B a = J^[exp(S , ei ®B ei ). 



(33) 
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Note that the product used to multiply tensor products is * ® Mu(e) where * denotes the convolution 
product of linear forms belonging to U* (g) (the shuffle in the free case) defined by 

(S a * Sp\h) = (S a ® Sf,\A(bi)), V^ e I. (34) 

Here A denotes the coproduct associated to the Hopf algebra structure of Through the completion 
$ of the mapping 

$ : V* ®V ^£nd finite (V) 

which associates to each tensor / <E> v £ V* ® V the endomorphism $(/ ® u) : /(&) • u, one gets a 
factorisation of the identity: 

= Id w( B )- 

It is interesting to consider the inverse problem: is it possible to write such a factorisation of the identity 
when one starts with a multiplicative basis of hi* (g) and consider its dual basis? 
Let (S a ) aGN (i) be a basis of U*(q) and considers its dual family (Bp)a e j$(i) ■ 

On the one hand, the duality of the families (B a ) a and (S a ) a allows us to write a kind of resolution of 
the identity: 

Id «(fl) = E S a ®B a . (35) 

On the other hand, one can consider the product that defines the left-hand side of the factorisation and, 
assuming that the family (S , Q ,) Q6N( / ) satisfies relation (20), one obtains the following derivation: 

TT t q k?\ n \ V* (S eil ®B eii )°«...(S eik ®B eik r* 
U.exp(S ei ®B ei ) = ^ ^ — —f s_ 

»€/ fc>0 <!>•■•>«*, 




S ai * • • • * S ak 

=E E "1, J ih ^(^r-iB^r 

fc>0u> >'k 1 ft 

»i «* 

= e 5 «® n o^r = e 

But since we do notknow whether the family {B a ) aeN(I) is of Poincare-Birkhoff- Witt type, we can not 
go further: a priori, B a = (B ei ) ai ^ B a (and we present in section 4.2.4 a counter-example). 

iGsupp(a) 

Moreover, even if one can easily construct a multiplicative family (Q" ) Q , eN (j) (defining the element Q a 
by JJ (£> ei ) Ql ), the family (Q a ) ae ^a) is a priori not dual to (S , Q ) QeN( j ) and does not lead to such 

itzsupp(a) 

a factorisation. 

This explains why we want to know in which cases one has the equality between B a and B a for every 
multiindex a. 
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5.2 General case: a multiplicativity criterion 

It is possible to give a necessary and sufficient condition for a basis obtained by duality to be multiplica- 
tive. Roughly speaking, for the basis to be multiplicative, it must vanish on all the products of more than 
two elementary elements of its dual basis. 

Lemma 5.1 Let (S a ) aeN ^) be a basis of U{q) satisfying {S ei \^u(g)) = Q, for alii G I, in duality with a 
basis (B a ) aeN(n : (S a \Bp) — S a p. Then B@ = ]Q B ei = Bp (B is multiplicative) if and only if 

i£supp(/3) 

Vz G I, V/8 G N (/) , \0\ > 2, (S ei \B 13 ) = 0. (37) 



6 Conclusion 

The ideas presented above lead us directly to some unanswered questions. First, one can ask whether it is 
possible, in the previous criterion, to consider only multiindices (3 with \/3\ = 2 instead of \/3\ > 2. Then 
one can try to understand the structure of the elements B w . Since they are primitive, they might come 
from a bracketing process; is it true? If this is the case, what is the good bracketing? Moreover, we know 
that it is not possible to write Schiitzenberger's factorisation with the bases S w and B w . But it is possible 
to apply the Poincare-Birkhoff-Witt theorem to the family B g for I G £yn(X) to construct a basis of 
the free associative algebra; then by duality, one obtains a new basis which has the good behaviour w.r.t. 
Schiitzenberger's factorisation. It would be interesting to compare the elements of this new basis with the 
elements S w in order to get a deeper understanding of the properties that need to be satisfied in order to 
write the factorisation in its resolution of the identity form. Note that we used numerical computations to 
understand the properties of the objects presented in this paper; because of the behaviour of the shuffle 



product, the interesting examples arise for words of length > 8 (see 4.2.4 for example), which leads to 
long computations. Therefore, the numerical investigations are not as easy as one could expect for these 
questions. 



The numerical computations have been carried out with the software Sage (www . sagemath . org/). 
The bialgebra structures are implemented in the case of the shuffle and stuffle algebras. These programs 
are presented in two worksheets available at the following addresses: 



http : //sagenb . org/home/pub/4 504/ (shuffle algebra); 



http : //sagenb . org/home/pub/4 519 / (stuffle algebra) 



Acknowledgements 

The author wants to thank Gerard H. E. Duchamp for his advice and V. Hoang Ngoc Minh for fruitful 
discussions. 



References 

C. Bui, G. Duchamp, and V. Hoang Ngoc Minh. Hopf algebras of q— stuffle product. To be submitted. 

P. Carrier. A Primer of Hopf Algebras. In P. Cartier, P. Moussa, B. Julia, and P. Vanhove, editors, Frontiers 
in Number Theory, Physics, and Geometry II, pages 537-615. Springer Berlin Heidelberg, 2007. 



12 M. Deneufchatel 

M. Deneufchatel, G. H. E. Duchamp, and V. H. N. Minh. Dual Families in Enveloping Algebras. Poster, 
July 2012. ISSAC 2012, Grenoble, France. 

G. Duchamp and D. Krob. Combinatorics in Trace Monoids II. In V. Diekert and G. Rozenberg, editors, 
The book of traces. World Scientific, Singapore, 1995. 

G. Duchamp, A. A. Klyachko, D. Krob, and J.-Y. Thibon. Noncommutative symmetric functions III: 
Deformations of Cauchy and convolution structures. Discrete Mathematics and Theoretical Computer 
Science, 1:159-216, 1997. In "Special Issue: Lie Computations", G. Jacob, V. Koseleff, Eds. 

G. H. E. Duchamp, C. Tollu, K. A. Penson, and G. A. Koshevoy. Deformations of algebras: Twisting and 
perturbations. Seminaire Lotharingien de Combinatoire, B62, 2010. 

V. Hoang Ngoc Minh. On a conjecture by Pierre Cartier. Acta Mathematica Vietnamica, 2012. 

M. E. Hoffman. Quasi-shuffle products. J. Algebraic Comb., 1 l(l):49-68, Jan. 2000. 

M. Lothaire. Algebraic combinatorics on words, volume 90 of Encyclopedia of Mathematics and its 
Applications. Cambridge University Press, Cambridge, 2002. 

J.-G. Luque and J.-Y. Thibon. Pfaffian and Hafnian identities in shuffle algebras. Adv. Appl. Math., 29: 
620-646, November 2002. 

G. Melancon and C. Reutenauer. Lyndon words, free algebras and shuffles. Can. J. Math., 61(4), 1989. 

V. H. N. Minh and M. Petitot. Lyndon words, polylogarithms and the Riemann ( function. Discrete 
Mathematics, 217(l-3):273 - 292, 2000. 

J.-C. Novelli, J.-Y. Thibon, and N. M. Thiery. Hopf Algebras of Graphs. Comptes Rendus de lAcademie 
des Sciences - Series I - Mathematics, 339(9):607-610, 2004. 

F. Patras. La decomposition en poids des algebres de Hopf. Ann. Inst. Fourier, 43(4): 1067-1087, 1993. 

F. Patras and C. Reutenauer. Higher Lie idempotents. J. Algebra, 222:51-64, 1998. 

D. E. Radford. A natural ring basis for the shuffle algebra and an application to group schemes. J. of 
Algebra, 58(2):432-454, 1979. 

C. Reutenauer. Free Lie Algebras. Number 7 in London Math. Soc. Monogr. (N.S.). Oxford University 
Press, 1993. 



